The tree-level three-point correlation functions of local operators in the general (p, q) minimal models coupled to gravity are calculated in the continuum approach.
A non-perturbative understanding of gravity in two (and less than two) dimensions has been made possible in recent years by the matrix model approach [1] [2] and through the developments in two dimensional topological gravity [3] . While some concrete progress have been made, the more traditional continuum approach largely remains ill-understood. It is therefore very important to understand various aspects of this Liouville theory [4] in the context of non-critical string theory and quantum gravity [5] [6] . Inspite of the complications of the Liouville dynamics (for review see [7] and references therein), the so called free-field approach has turned out to be very successful. This has been strengthened in recent times by the zeromode integration technique [8] and the subsequent calculation of the three-point function [9] ; the calculation of three-point functions by adding marginal perturbations to the free Liouville action [10] ; the computation of the torus partition function [11] and through the BRST analysis of the physical states of minimal matter coupled to gravity [12] [13] [14] .
The computation of the three-point functions in the continuum approach has so far been restricted to the case of unitary minimal models coupled to gravity. In ref.
[9] Goulian and Li used a Coulomb gas type formalism with the cosmological term as the screening charge in the Liouville theory and they used analytic continuation to deal with the fractional power of this term. Subsequently Dotsenko [10] proposed a modification of the free Liouville action by a marginal perturbation by the cosmological term and a conjugate cosmological term, which serve as the two types of screening charges [15] . The coupling of the conjugate cosmological operator is tuned in a very particular way and it is related to the cosmological constant µ. The advantage of this approach is that the screening charges are raised to an integral (albeit negative at times) power and the analytic continuation procedure is simpler to carry out.
In this letter, we compute the tree-level three-point functions of the general non-unitary (p, q) minimal models coupled to gravity by perturbing the free Liouville action by two mutually conjugate screening operators, and tuning their corresponding couplings to appropriate values that are related to the cosmologi-cal constant µ. (The perturbations we consider are by the gravitationally dressed matter identity and they are not the cosmological operators for the non-unitary theories.) For q = p + 1, the minimal matter is unitary and our action coincides with that of ref. [10] . For other values of q, the minimal matter is non-unitary and we derive a general formula for the three-point function. We compare this result, for the particular case of p = 2, with the one-matrix model results of ref. [16] and show that they agree. We also comment on the difficulties involved in working with the cosmological term (and its conjugate) as perturbation, for the non-unitary (p, q) models. The three-point function of the cosmological operator can, however, be computed in the latter approach and we compare this result obtained in two different ways. We briefly discuss the q → ∞ limit with fixed p, and get the characteristic logarithmic singularity of the c = 1 matter coupled to gravity. We finally conclude with some speculative remarks.
The (p, q) minimal matter, (q > p), is described by a representation of the Virasoro algebra with central charge
States are built over the primaries φ r,s , (1 ≤ r ≤ q − 1 and 1 ≤ s ≤ p − 1), of conformal dimension
When we couple this matter to gravity, the central charge of the Liouville theory is given by c L = 26 − c = 1 + 6(q + p) 2 /qp. Local operators in the combined theory
of the Liouville dressing operator follows from this condition:
In the Feigin-Fuks representation both matter and Liouville are described by free scalar fields with background charges Q M = (1 − c)/3 = 2/qp(q − p) and 
Solving from eqs. (3) and (4), we find:
The (p, q) minimal model is in general non-unitary and has operators with both positive as well as negative dimensions. The cosmological operator is by definition the gravitationally dressed primary of minimum dimension φ min . The conformal dimension h min of φ min and the corresponding Liouville momemta are given by:
The cosmological operator corresponds to the negative sign in eq. (6) [17], and we denote it by Φ − min :
The corresponding coupling µ is called the cosmological constant. For the unitary theories (q = p+1), the identity operator φ 1,1 is the operator of minimum dimension (h min = 0); and for the non-unitary (2, q) series it is the operator φ (q−1)/2,1 (= φ (q+1)/2,1 ). For a general (p, q) model, however, no general expressions for r and s could be given, and one has to look for φ min case by case.
The Liouville action has the cosmological term µ d 2 zΦ − min (z,z), and in ref.
[9] it was used as the screening charge in computing the correlation functions of the (p, p + 1) unitary minimal models coupled to gravity. Dotsenko [10] has proposed the following effective action for the Liouville theory:
where, a is an arbitrary constant and δ is the gravitational scaling dimension of the operator Φ 
There are now four types of screening currents Φ ± min (z,z), J ± (z,z). Whereas, the OPE of Φ ± min (and J ± ) between themselves has the standard double pole singularity; the OPE between Φ + min (z,z)J − (w,w) (or Φ − min (z,z)J + (w,w)) goes as † Correlators of the cosmological operators are exceptions; and we shall come back to this point later.
a rational power of (z − w) and the interchange of their corresponding contours involves complicated phase factors. This feature makes the generalization of the Dotsenko-Fateev integrals [15] notoriously difficult. We do not pursue this approach further.
We propose, instead, to work with the following effective action for the Liouville theory:
where, A ± are arbitrary constants and δ 
and β ± L are such that the Liouville vertex operator is (1, 1):
The marginal operators Φ
serve as the currents in screening the Liouville contribution. We would like to emphasize that for the non-unitary theories, these screening operators are not the cosmological term (7) and its conjugate, but we have tuned their corresponding coupling constants (which in general are completely unconstrained) in a very particular µ-dependent form.
The justification of this we can only provide a posteriori in that it produces the correct result. And finally note that since the matter contribution to Φ ± 0 is identity, we can (as in the unitary theories), screen the matter sector independent of the Liouville with the integrals of the standard screening currents J ± [15] .
We now compute the three-point function Φ
which by the use of projective invariance reduces to the computation of the structure constants:
.
(13)
(n ′ ,n)(s ′ ,s) can be computed as in ref.
[15] using N + screening charges d 2 zJ + (z,z) and N − screening charges d 2 zJ − (z,z). The charge neutrality condition
Using the integral formula (B.10) of ref.
[15], we get † : 
Using the integral formula and the analytic continuation for products of a negative number of terms as given in [10], we get:
Multiplying expressions (15) and (17) (using eq. (13)), we get the unnormalized structure constants:
Note that this expression agrees with that of ref.
[10] in the case q = p + 1. Now to compare this general result with the matrix model result we proceed to calculate the normalization independent structure constants of the (p, q) minimal matter coupled to gravity. For that we need to know the two point functions of the operators involved and the partition function. The two point function is given by:
Using eq. (18)and integrating the above expression we derive the two point function as:
Similarly the partition function is given by
which after integration gives the following expression:
Substituting from the expressions (18), (20) and (22), we get the expression for the normalized three-point function:
This result for the general (p, q) minimal models is in exact agreement with the conjecture of Imbimbo and Mukhi [18] .
⋆ ⋆ We thank S. Mukhi for pointing this to us.
For the special case of the unitary theories (q = p+1), the marginal deformation we have considered (eq. (10)) coincides with the cosmological terms (as identity is the operator with the least dimension for such theories). In these theories δ − 0 = 1 and δ + 0 = δ (from eq. (11)); and we recover the result of ref.
[10]:
which agrees with the matrix model results [19] .
On the other hand, for the (2, 2k − 1) non-unitary minimal matter, the basic operators are of the form Φ r,1 , with r = k −1 being the operator of least dimension.
For these theories δ − 0 = 2/k and δ + 0 = 2 − 1/k. Substituting in eq. (23), we get the normalized three-point function:
The above result can be compared with the following one-matrix model results of ref.
[16] (notation as in [16] ):
where, l r labels the operators and t is the cosmological constant, which is the coupling corresponding to the operator O 0 . Comparison of the matrix model free energy F (t) with our partition function shows that apart from normalization (which are obviously different in the two different formalisms), the matrix model cosmological constant t is same as µ. We can also work out the normalization independent three-point function from eq. (26):
The above agrees with our continuum result eq.(25) with the identification:
This identification is natural if we remember that r = k − 1, (l k−1 = 0), is the minimum dimension operator in the (2, 2k − 1) model, and it is natural to label the fields starting from the cosmological operator.
Let us now comment on the computation of the correlators of the cosmological operator Φ − min using the action (8). In this approach Q It is straightforward to work out the three-point function:
which upon integrating three times with respect to µ gives the partition function:
Comparing this expression with (22), we see that they differ by normalization. But in the case of (22), we have the freedom to choose the arbitrary constants A ± so that the partition function we have calculated using the action (10) agrees with that calculated by integrating the three-point function of the cosmological operator. We could also view this as a check for our ansatz (10). Unfortunately, however, it is not possible to compute arbitrary three-point functions in the alternative approach using (8) due to technical difficulties discussed in the beginning. 
On the other hand, if we take the limit q → ∞ with fixed p, we get:
The p/q factor in the front of Z seems to be an artifact of the calculation as it drops out in the normalized three-point function. The normalized correlation function also agrees with three-point function of tachyon operators [23] if the momentum of the tachyon k r,s is identified with
No analog of the momentum conservation condition however follows from this limiting procedure.
We have computed the tree-level three-point correlation functions of local operators in the general (p, q) non-unitary minimal models coupled to gravity. We ⋆ A space-time interpretation of the (p, q) minimal matter coupled to gravity was developed in [20] , where the limit q → ∞ was discussed from a string field theoretic point of view.
have used the free Liouville action perturbed by the marginal operators which are integrals of gravitationally dressed matter identity. These operators are not the cosmological operators, but their corresponding couplings are tuned to be functions of the cosmological constant µ. This perturbation is much easier to work with rather than the perturbation by the cosmological operators, which is a direct generalization of the action suggested by Dotsenko [10] . The reason is that in the case of non-unitary theories the matter operator of least dimension is not the identity and this modifies the matter contribution, which needs further screening.
The evaluation of the corresponding Dotsenko-Fateev integrals become extremely complicated to. However, the correlators of the cosmological operator can be computed in both the approaches and we have compared the two results. We have also shown that our expression for the (2, 2k − 1) minimal series agrees with the one-matrix model results [16] . For the unitary series q = p + 1, our action coincides with that of Dotsenko [10] .
The justification of our proposed action could be given a posteriori that it reproduces the correct answer. However, since the perturbation we consider is not by the cosmological operators, it is tempting to conjecture that any marginal perturbation of the free Liouville action, with the coupling properly adjusted, would reproduce the correct tree-level three-point correlation functions. Such a possibility has also been mentioned by Dotsenko (see the second reference in [10] ). The perturbation we have considered is, however, technically the simplest to work with (as it lets one screen the Liouville and the matter independently). The most natural
Coulomb gas formalism for the minimal matter coupled to gravity should presumably follow from some BRST-like symmetry analogous to that of ref.
[24] for the case of the minimal models.
